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Abstract

Considerable attention has been directed in the statistical literature towards the construction of
confidence bands for a simple linear regression model. These confidence bands allow the experimenter to
make inferences about the model over a particular region of interest. However, in practice an experimenter
will usually first check the significance of the regression line before proceeding with any further inferences
such as those provided by the confidence bands. From a theoretical point of view, this raises the question of
what the conditinal confidence level of the confidence bands might be, and from a practical point of view it
is unsatisfactory iflie confidence bands contain lines that are inconsistent with the directional decision on
the slope. In this paper it is shovihow ®nfidence bands can be modified to alleviate these two problems.
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1. Introduction

Consider the standard simple lingagression model based on dé&xa, yj), 1 <i < n, so
that

VN((Bo+ B1%) — (Bo+ B1X)) /o and  /S(B1— p1)/o

are independently distributed as standamfmal random variables, independAently&ﬁ =
SSE/(N—2) ~ x2_,/(N—2),whereSe = Y[ 1 (xi —X)2andSSE = Y[ (vi — (Bo+B1xi))>.
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There has been a long history of the development of confidence bands for this regression
model, dating all the way back to the hypelic bands of Working and Hotellin®[

A A 1 %2
o+ Brx e fo+ x5 [2F5, |24 X0 1)

for all x € %’ which may still be the most frequently employed bands. Wynn and Bloomfi€]d [
showed how to @nstruct confidence bands of this typattguaranteed the confidence level over
a resticted region, and Bhrer and Francisl] showed how to construct just an upper bound
of this type. Also, Graybill and Bowderd] discussed confidence bands where the upper and
lower bounds each consist of two straight line segments, and Gaf8lipiofieered the work on
confidence bands with a constant width over a restricted region. A common aspect of this work is
that the conflence bands have been designed to achieve a stated confidence level over the region
of interest. Liu et al. T] contains a summary of recent work in this area.

However, in practice it is likely that the first alysis performed by an experimenter will be a
test of the significancef the regression model. For a one-sided analysis the regression will be

found to be significant whef; > ty ,6/+/Sx, |ay, and for a two-sided analysis the condition

will be |,31| > tf]‘fzza/«/s(x. Furthermore, if the regression is found not to be significant, then

it is likely that the experimenter will not be interested in conducting any further analysis of the
model. In particular, this implies that in piéze the onfidence bands will only be constructed
and applied in situations where the regression has been found to be significant.

Thismodus operandi has two implications for the confidence bands. Firstly, from a theoretical
point of view the nominal confidence level tfie bands should be questioned because the
probabilistic calculations should be made comatiil on the regression having been found to
be significant. Secondly, from a practical point of view there may be an unsatisfactory aspect to
the onfidence bands if, for example, they contain regression models with a negative slope while
the significance test has deternirtbat he slope is strictly positive.

The purpose of this paper is to show how these two concerns can be addressed by simple
modifications to the confidence bands. When the significance of the model is assessed with a
one-sided analysis, it is appropriate to take any existing confidence band methodology and to
modify it by removing lines with non-positive slopes. The modified confidence bands satisfy the
required confidence level with the single caveat that they should only be used when the regression
model has been found to be significant. When the significance of the model is assessed with a
two-sided analysis, it will be seen that similar modifications can also usually be made to the
confidence bands.

The two-sided case has connections with the work of Firglewfho showed how to construct
a aonfidence set for a mean that contains only pesitialuedf a two-sided test that the mean is
zero is rejected with a positive estimate, and a dmifce set that contains only negative values
if a two-sided test that the mean is zero is rejeatitti a negative estimate. In a similar fashion,
the objective of this paper is forovide confidence bands that only contain lines with positive
slopes when the regression is found to be significant with a two-sided test and the slope estimate
is positive, and to proviel onfidence bands that only contain lines with negative slopes when
the regression is found to be significant with a two-sided test and the slope estimate is negative.
Hayter and Hsug] also use the acceptance set approach used in this paper to produce confidence
sets consistent with the decisions of stepwise testing procedures.

This paper is also related to earlier work by Olsh@rahd Kiefer [6] regarding the conditional
level of mnfidence statements and tests. However, it is important to note that the approach used in
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this paper is1ot concerned with conditional confidence levels. Instead, the objective is to develop
procedures that provide confidence bands witbcuired confidence level regardless of whether
the regression is signifant or not. Further, the procedures are developed so that the confidence
bands provided in the cases where the regression is significant have desirable properties.

To clarify this point, it is useful to distiguish between a “structural” condition on the
model in which the experimenter is interested (in this case whether or not the regression can
be shown to be significant) and the generation of the confidence bands. In practice, these
are considered sequentially so that the experimenter implements a simple decision tree. If the
structural condition is not met (so that the regression is not significant) then the experimenter
stops and does not proceed to the second stegpofidence band construction. On the other
hand, if the structural condition is met (so that the regression is significant) then the experimenter
proceeds to the second step and constructs the confidence bands.

The approach taken in this paper is that the confidence level of the bands produced in step 2
will not be conditioned on the outcome of the structesgent in stepl. Instead, the confidence
bands are developed to have the required confidence level taken by themselves for all possible
vaues of the model. The key point, though, is that the shape of the confidence bands can be
developed with the knowledge that they will gride used when the initial structural condition is
satisfied, and this allows them to be fine-tunedrieet the experimenter’s requirements in this
case.

Section 20of this paper discusses the relationshgivieen confidence bands and acceptance
sets, which provides the basis for the thegwal discussion of one-sided problemsSaction 3
and two-sided problems ifection 4

2. Generating confidence bands from acceptance sets

Suppose that, for eactBo, f1) € M2, an acceptance sek(Bo, B1) € M2 is defined with the
property that

Péo. 1 ((Bo. B) € AlBo. ) = 1 — . @

Then, for a given observed value @, 81), these acceptance sets generate a confidence set for
(Bo, B1) with a confdence level of at least1 «. A patticular value(Bo, 81) is contained within

the mnfidence set if and only if the observed valué®f, 81) is contained within the acceptance
setA(Bo, B1).

Furthemore, a confidence set f@pBp, 81) can be used to provide confidence bands for the
regression line. The band at a particutavaluecan be constructed as the smallest interval that
contains all values ofg + B1x for (B0, B1) values vithin the confidence se€Consequently, it can
be seen that a * « level confidence band can be generated from acceptance sets satisfying the
property(2).

While the shapes of the acceptance sets are often not explicitly stated in the theoretical
justification of a confidence band methodology, aonftdence band can be described in this
way. For example, the hyperbolic bands given(it) are generated from acceptance #&i8o, 81)
containing all(fo, A1) values stisfying

N((Bo + B1%) — (Bo + P1%)* + Sux (B — B1)® < 26°F5, 3)

which each have an exact coverage probability 6f & (for a given value of(Bo, A1) the
confidence set fo(Bo, f1) is also given by this inequality). In this case the acceptance sets all
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have the same shape, but in general there is no reason for the shapes to be identical §2)ong as
is satisfied.

Itis useful to consider the acceptance setsuhderlie the confidence band methodologies for
the theretical discussions iBectbons 3and4, where modifications are proposed to address the
issues raised by the significance tests of the regression models. It will be seen that the trick is to
find acceptance sets that automatically generatdidence bands from witi the significance of
the regression can be inferred, so that a sepazatet the significance of the regression becomes
redundant.

3. One-sided significance tests

In this case it is desirable to have a confidence band methodology for which the bands only
contain lines of positive slope whefy > t¢ ,6/+/Sx and which guarantees the required
confidence level - «. This can be achieved by any choice of acceptance sets that 4@jisfy
together with the condition

Br = 0= ABo. B) N {(Bo. B : b1 > 2 ,6/V/Sc} = 0. (4)

Notice that if sich a procedure is employed then a separate significance test of the regression
is redundant because it is performed automésiday this confidence band procedure and the
result of the significance test can be inferredvirthe onfidence bands. Thus, such a procedure
assuages the two concerns raised in the intriboluchecause firstly therpbabilistic properties
of the bands do not need to be conditioned on the result of a prior significance test, and secondly
the bands only contain lines of positive slope whgn > t% ,6 /+/Scx.

Any collection of acceptace sets satisfyin() can be modified to satisf#). For exanple, an
acceptance setwiipy < 0 that vidates(4) can be changed t@fo, A1) : 1 < B1+t%_,6/+/Sx}
and this will satisfy(2). This will modify the confidence band generated whian> t¢ ,6 //Sx
by removing from it those lines with a non-positive slope. The confidence sets generated for
situations wherg; < t¢ .6 /+/Sx will also change and may become wider, but in this case the
regression is not significant and the confidence bands will not be used.

In summary, any valid + « confidence band procedure can be modified in this way, whether
it guarantees a confidence level over the whole real line or just over a restricted region, whether
it provides upper and lower bounds or just one bound, and regardless of the shape of the
confidence bands. If the experimenter onlyuiee onfidence bands once the regression has
been found to be significant, then the confidence bands can be used with the lines removed that
have a non-positive slope (if there are any of them). The resulting modified bands satisfy the
specified confidence level and are consistent with the slope parameter having been found to be
positive.

The modified confidence bands can be illustratét veference to the hyperbolic bands given
in(1). If 1 > & J2F5 _o/~/Skx, then both the upper and lower bands have strictly positive

slopes over the whole real line. In this case the regression is significant and the confidence bands
only contain lines with strictly posAitivg slopes, so that they do not need to be modified. Notice
that in this case the observed valilg, 81) is not contained within any of the acceptance §8}s
for 81 < 0, so that the confidence set ffo, 1) only contains elements witgy > 0.

However, ift" ,6/+/Six < ,31 <aq /2F§fn72/«/8xx, then he regression is significant but
the upper band ir{1) has a strictly negative slope for



190 A.J. Hayter et al. / Satistical Methodology 3 (2006) 186-192
P1Scx

Vi \/ 2F3 262 &Xﬁf

and the lower band has a strictly negative slope for
P1Scx

VN \/ 2F3 262 &Xﬁf

These confidence bands can be modified by lowering the upper bound to the value obtajned at
for x < xj and by raising the lower bound to the value obtainexfabr x > x3. Natice that in
this case some of the acceptance §&fwith 81 < 0 contain the observed valug@o, f1). The
modification alters these acceptance sets sotigaconfidence bands dmt contain any of the
negative gradient regression lines. This will affect the confidence bands that would be obtained
whenf; < t¢ .6 /+/Sx and the regression is not significant, but the experimenter will not use
the onfidence bands in this case.

Finally, from the point of view of desiring the confidence bands obtained when the regression
is found to be significant to be as narrow as possible, it is interesting to note that it is sensible to
generate confidence bands with acceptance sefs for0 that each contain

{(,30, B : p1 < tﬁ‘,zf}/@}

because this will allow the part of the acceptaset in the complement of this region to be as
small as possible while maintainiigg). This fine-tuning of a standard confidence band procedure
has the potential to eliminate some lines with small positive slopes from the confidence bands

when; is just slightly larger that® ,6 /+/Scx.

X <Xy =X-—

X>X; =X+

4. Two-sided significance tests

If a two-sided significance test is required, then it is desirable to have a confidence band
methodology for which the bands only contain lines of positive slope when t“/z&/«/s(x,
only contain lines of negative slope whe¢h < —t“/zér/«/S(X, and whih guarantees the

required confidence level 4 «. This can be achieved by any choice of acceptance sets that
satisfy(2) together with the two conditions

Br= 0= Ao, B N [ (Bo. B < b1 > /56 /S| = 0 (5)
and
P12 0= Ao, f N | (Bo. B : Br < —t7/56/V/Sec| = 0. (6)

As before, if such g@rocedure is employed, then a separate significance test of the regression is
redundant because it is performed automaticallyhiisyconfidence band procedure and the result
of the significance test can be inferred from the confidence bands.

Any collection of acceptace sets satisfyin¢?) can be modified to satisfgs) and(6), and

if p1 > t“/zc}/«/s(x this will remove lines with non-positive slopes from the confidence

bands, and |fﬁl < —t“/za/«/sxx this will remove lines with non-negative slopes from the
confidence bands. However, for some confitkeband procedures it may be necessary to add
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lines of positiveslope to the anfidence bands in the first case, and to add lines with negative
slopes to the confidence bands in the second case. To see why this may be the case, conside
an acceptance set for a strictly negative valugofhat violateg5). The part of the acceptance
set with B, > t“/zﬁ/@ needs to be removed, and something may need to be added to the
acceptance set in order to maintain a coverage probability-etx] as reuired by(2). If it is
necessary to add values wifh < —to‘/2 6 /+/Sx, then his may affect the confidence bands
obtained when the significance test prowdes sufficient evidence to establigh thal.

This problem does not arise with the modéftion of the hyperbolic confidence bar{ds The
acceptance set8) violate (5) for

(tr‘ffzz—\/Zan 2)5/@<,31§0

and violatg(6) for

0= p1 < (2P0, —1/5) /Y50

Modified acceptance sets can be chosen to be

Ao, 0) = { (o, o)+ 1al = 65755 /v/Suc]
and
Ao, ) = {(Bo. f) : B < 1< pr+ a/@}
U{(Bo. B) : B1 < B1.n((Bo + B1%) — (Bo + B1X))? + Six(Br — B1)* < 26%F5 1 5}
for (t‘)‘/2 2F5_2)6/v/Sx < B1 < 0 with the symmetric version of this for O<

B < (J2F3, 5 — D‘/Z)cr/«/&X Notice that these modified acceptance sets all have coverage

probabilities of exactly 1— «, with both components of the acceptance setsdpr# 0
each having coverage probabilities @f — «)/2, and that they satisfy conditiorfS) and (6).
Furthermore, the modiftkacceptances sets with < 0 donot include any additional elements

with Bl < —tn/zz&/«/S,(x, and the modified acceptances sets with> 0 do not irclude any

additional elements with; > t*/56 //Six.

In summary, the modified confidence bands are simply obtained by deleting linegfyom
that are inconsistent with the slope of the regression line when it has been found to be significant
although, as before, if the regression is nangicant then the confidence bands should not

be used. Specifically, if81] > & 2F3 . _2/~/Sx, then e confidence band4) can be used

without any modification. However, Iﬁ/zo/«/sxx < |/§1| <o /2F§n_2/«/3<x, then the

confidence bandél) can be modified as explained at the endSefction 3 If B is positive
then the confidence bands can be modified by lowering the upper bound to the value obtained
atxj for x < xj and by raising the lower bound to the value obtainegZafor x > x3. If B1
is negative then the confidence bands can be modified by lowering the upper bound to the value
obtained ak; for x > xJ and by raising the lower bound to the value obtainex&br x < x.

Finally, as in the one-sided case, some fine-tuning of the acceptance sets can allow shorter
confidence bands whepi| is only just large enough for the regression to be determined to be
significant. In this case it is sensible to define all acceptance set®wit0 to contain



192 A.J. Hayter et al. / Satistical Methodology 3 (2006) 186-192

[Bo. Bv) : 161l = 6%6/V/5]

so that forg; > 0 the part of the acceptance set wﬁh > tg‘[zza/«/sxx is as small as possible,

and forB; < 0 the part of the acceptance set wﬁh< —t,‘ffzzé/«/sxx is as small as possible.
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