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Abstract We wish to study inter-rater agreement comparing groups of observers
who express their ratings on a discrete or ordinal scale. The starting point is that of
defining what we mean by “agreement”. Given d observers, let the scores they assign
to a given statistical unit be expressed as a d-vector in the real space. We define a
deterministic ordering among these vectors, which expresses the degree of the raters’
agreement. The overall scoring of the raters on the sample space will be a d-dimen-
sional random vector. We then define an associated partial ordering among the random
vectors of the ratings, illustrate a number of its properties, and look at order-preserving
functions (agreement measures). In this paper we also show how to test the hypothesis
of greater agreement against the unrestricted hypothesis, and the hypothesis of equal
agreement against the hypothesis that an agreement ordering holds. The test is applied
to real data on two medical observers rating clinical guidelines.
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350 A. Giovagnoli et al.

1 Introduction

Classification and rating are basic in all scientific fields, and often there is the need
to test the reliability of a classification process by assessing the level of agreement
between two or more different observers (the raters) that classify the same group of
statistical units (the subjects). In the literature the extent of inter-rater agreement is
studied mainly by means of indicators: Cohen’s Kappa is the most popular one, espe-
cially for two raters and a categorical scale of measurement (Cohen 1960). Another
way is the use of statistical models to describe the “structure” of this relationship,
mainly log-linear and latent class models (Banerjee et al. 1999).

Classification can take place on a set of nominal or ordered categories or on a dis-
crete or continuous scale: our approach is general but it focuses on the discrete case.
The approach of this article is the following: given the sample space (the subjects) to
each observer there corresponds the probability distribution of the scores of his/her
ratings. Thus an observer gives rise to a random variable with values in the set C of all
possible ratings and the agreement among a group of observers is a type of association
among the jointly distributed random ratings of the various observers (Bishop et al.
1975). The question “when does one group show more agreement than another?” is
answered defining a special order relation among multidimensional random variables
(see also Giovagnoli 2002). Indicators of agreement will then be all the real-valued
functions preserving the ordering under consideration.

Observe that this description fits three different situations, namely when two dis-
tinct groups of d raters each classify the same subjects, or the same raters classify two
samples of subjects, or the same raters classify the same subjects at different times.

There are many fields of study where raters’ agreement is applied: for example, in
medicine it is used to assess the reliability of diagnoses; in psychiatry and in cognitive
research it is applied in evaluating the quality of classification and coding systems; in
multi-centre clinical trials it is used to improve the quality of data, by preceding the
beginning of data collection by an inter-rater reliability study.

This article is structured as follows: in Sect. 2 we define an equivalence relation
and a deterministic ordering for the d-dimensional vectors representing the ratings of
the observers classifying just one subject. In Sect. 3 we define a stochastic agreement
ordering among the d-dimensional random vectors representing the joint probability
distributions of ratings of the observers. In Sects. 4 and 5 we concentrate our attention
on the special cases of d = 2 and d = 3 raters, which are of wide use in practice. In
Sect. 6 we explain how to deal with observed data, indicating some hypothesis testing
problems in order to compare two d-way tables of joint rating frequencies to decide
if the agreement ordering holds or not. Finally, in Sect. 7 we give an example to see
how to apply this methodology to real data. There is an Appendix at the end of the
paper with a review of order relations (Part A) and a review of chi-bar-squared random
variables (Part B).

2 Agreement among observers rating just one subject

Assume the vector x = (x1, x2, ..., xd)T in a set S expresses numerically the ratings
of the same statistical unit by d observers. If the scores are on a continuous scale, let
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A new approach to inter-rater agreement through stochastic orderings 351

S=RY ifonal —rto—mscale, letS = (1,2,...,m), etc. Reasonable demands
for an agreement ordering >4 are:

Al The maximum extent of agreement is reached when all the observers rate the
subject in the same way.

A2 Agreement does not change after permuting the observers.

A3 Agreement increases if two of the observers change their judgments making them
“closer” and leaving the sum of their scores unchanged.

A4 The level of agreement does not change if all the observers increase (or decrease)
their scores by the same amount.

From Axioms A2, A4 we can derive a definition of equivalence in terms of agree-
ment among the vectors of ratings:

Definition 1 Given two vectors x and y belonging to S, we say that x is equivalent
to y in terms of agreement, and write =4, if and only if the following condition holds:

x=payex=IM[y+k-1p)=0I-y+k-14 (1)

with [T apermutation matrix, 1, = (1, 1,..., I)T, and k € R suchthat (y +
kld) e S.

For example, if there are d = 3 observers rating two subjects ona 1 — to — 5
scale assigning the scores (3 5 5)7 and (3 1 3)7 respectively, then the two ratings
express the same amount of agreement because the first vector can be obtained from
the second by means of a permutation of its elements and adding two points to all the

3 010 3 1
51]=1100 Ij+211
5 001 3 1

We now show that Axioms A1-A4 uniquely define a pre-order relation >4 (see
Appendix A). It is well-known (Marshall and Olkin 1979) that axioms Al, A2, A3
characterize the opposite of the so-called majorization ordering <,,:

Definition 2 Given two vectorsinS =R9, x = (x1, ... ,xd)T andy= (y1, ..., yd)T,
x is majorized by y (x <, y) if and only if:
=< where k=1,...,d—1and x| > x> -+ > X[g]

k

_Z]y[z]

= e))
>, Yii

i=1

k

2. Xli]
i=1

d

2. Xli]
i=1

An equivalent condition is that x is a convex combination of the vectors obtained

by permuting the coordinates of y:

d!

X<ny & x=> oy 3)
i=l1

witha; > 0fori =1,...,d! and Zgﬂzlaizl.
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So, for example, the vector (3 2 HT is majorized by (5 1 3T because, after ordering
their coordinates in non increasing order, the conditions of Definition 2 are satisfied:
4 <5
4+3<5+3
4434+2=54+3+1

or, equivalently, we can state that the vector (3 2 4)7 can be obtained by a convex
combination of the vectors resulting from permutations of the entries of (5 1 3)7:

3 5 5 1 1 3 3
2)l=a1 |1 |+ |3 )+a3| S5 ) +as|3)+as| 5] +tas| 1
4 3 1 3 5 1 5

with o = a4 = % and oy = a3 = a5 = ag = 0 being one of the possible solutions.
An interpretation of this ordering is that the coordinates of a certain vector are ‘more
concentrated” with respect to those of any other vector which is greater in terms of
majorization. Therefore, the first of the two vectors will mean more agreement than
the second one.

Given a group G of linear transformations of S = R? one can define a majorization
ordering with respect to it, called G-majorization (see Giovagnoli and Wynn 1985):

Definition 3
.
X<y & x= o gy )
i=1
with g; € G,y > 0fori=1,...,rand >/ ja; =1.

Let us specialize G to be the group of permutations and simultaneous shifts of all
the vector coordinates, then Definition 1 implies that x is equivalent to y if and only
if x is obtained from y by means of a transformation in G and

d! d!
X<y ¢ x= ai(liy+kly) =) alliy+kl. )

i=1 i=1

For example, the vector (2 3 DT is G-majorized by the vector (1 5 3)T because

2 1 1 3 3 5 5 1

3)l=a1 |5 |4+ |3 |4z |1 |+aa|S5S)|+as| | |+as|3|+k]| 1

1 3 5 5 1 3 1 1
withk = —1, a1 = ag = % and ap = @3 = a4 = a5 = 0 as one of the possible

solutions. Therefore, the G-majorization ordering so defined enables us to compare
vectors not having the same sum of coordinates.
Furthermore, it can be shown that if we set

d
. * - - \T
x:E E xiandx® = (x1 —X,x0 —X,...,xg —Xx)",
i=1
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A new approach to inter-rater agreement through stochastic orderings 353

so that the vector x™* is the projection of x onto the (d — 1)-dimensional hyperplane
through the origin orthogonal to 1; = (1, 1, ..., 1)7, then we get:

Proposition 1 [f >4 is an order relation satisfying A1-A4, then
XAy xt <,y ox<cy (6)

Proof Vector x* (y*) is obtained from vector x (y) via a shift of the coordinates,
therefore they are equivalent in terms of agreement by Axiom A4 and

X>py x>, y" @)

Now x* and y* are vectors with the same coordinate sum and by Axiom A3 agreement
increases by a transfer from one coordinate to another and is invariant under permu-
tations (Axiom Al). This is the property that characterizes the inverse majorization
ordering (see Marshall and Olkin 1979). O

Proposition 1 can be used as an operative definition of the ordering > 4.

A large class of indicators consistent with the agreement ordering > 4 is given by
all concave, permutation-and-shift-invariant functions ¥ . For this and related results
see Marshall and Olkin (1979). In particular

d d
X< yE e D o0 < D o0 ®)

i=1 i=1

for all convex functions ¢, so that examples of measures of agreement (i.e. order
preserving functions w.r.t. >4) are for instance all the decreasing functions of the
variance

Lo =024+ o =02+ -+ + (xg — 0]
or of the mean absolute deviation
a (bt = %]+ [x2 = X+ -+ + |xg — XD
3 Agreement ordering of multidimensional r.v’s.
The relation >4 defined in the previous section is a deterministic pre-ordering for

vectors of ratings. On that basis we define a stochastic ordering for the probability
distributions of the ratings of the observers.

Definition 4 Given the pre-ordering >4 on the set S and the d-dimensional random
vectors X and Y with values in S, let

X>pg Y& PriX>p2)>Pr{Y =42} VzeS. 9)
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This definition is in analogy with the definition of upper-orthant stochastic ordering
for d-dimensional random variables (see for instance Shaked and Shanthikumar 2007),
where > 4 replaces the entry-wise ordering of vectors in d-dimensional real space. A
very special case is when X and Y are jointly distributed, e.g. refer to observers rating
the same subjects, and Pr(X >4 Y) = 1, since if X >4 Y a.s. then

Y >4 zimplies X >4z VzeS.

Hence
PriY >psz} < PriX >4z} VzeS.

Observe that Proposition 1 implies
X >4 Y & PriX* <, 2%} = Pr{Y* <, 2%} (10)

Vz*=z—Z7Z-1ssuchthatz € S.
If the equality holds we obtain an equivalence relation that we call = 4g;.
Note that the probability in (9) can be expressed as

Pr{X =4 Z}:///Fx(x)dsz[lAz(X)] (11)
A;

where A; = {a : a* <, z*} and I, is the indicator function of the set A,. There-
fore for all z
X Zpgr Y & Ell4, (X)] = E[I4,(V)]. (12)

From this expression it is possible to derive functions which preserve the ordering
> Agr defined in (4), for instance by taking linear positive combinations of indicator
functions of sets A,.

We now show how to check that (4) holds in the special (but important) case of
only two raters. We restrict our attention to the situation of a discrete measurement
scale with values from 1 to m.

4 The case of two raters (d = 2)

We remark that in the case of just two raters the ordering >4 is a total ordering, i.e.
every pair of vectors are comparable, namely

(x1, x2) =4 (1, y2) € |x1 —x2| < |y1 — »2l. (13)

The joint rating probabilities for the two raters can be expressed by an m x m table
P, where the entry p;; stands for the probability that a generic subject is scored i
by the first rater and j by the second rater. Moreover, let Q be another m x m table
of joint probabilities relative to another pair of raters. Applying Definition 4 it is
straightforward to prove that:
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A new approach to inter-rater agreement through stochastic orderings 355

Proposition 2 Given two tables P = [p;j] and Q =[q;;]1 i, j = 1,..., m, the agree-
ment of P is higher — in the sense of > agr — than that of Q (we write P > a4, Q) if
and only if

k k
DryP = >t Q  k=0.....m—2 (14)
h=0 h=0
where
m
m m Z pii  forh=0
i=1
SN IDINTES i
i=1 j=1li—j|=h 2. Piith+ 2 Pivni h=1,....m—1

i=1 i=1
Proof Because <4 is atotal pre-ordering when d = 2, Definition 4 is also equivalent to
X>4gr Y & Pr(iX <4z, X#42) < Pr(Y <az, Y #4 2).
Two scores (i, j) and (i’, j') are equivalent if and only if |i — j| = |i’ — j’| and thus

Agjpy =1 j)stk=i—jl <|i' = j'lyand E(Ia, ;) = S p_gtrnP-

We now want to check how this definition fits in with existing measures of agree-
ment. The Weighted Total Proportion of Agreement is the index

m m
TPAw =D > wijpij (15)
i=1 j=1
where the “weights” w;; (Schouten 1982) are such that 0 < w;; < 1 wheni # j,

w;j = wj; and w;; = 1. The weights are usually a decreasing function of the distance
from the main diagonal, i.e.

wij=f(li—jD and fO)=f(1)=f2)=---= f(m—1)

For example, Cicchetti (1972) suggests the following weights:

ij=1,....m. (16)

When this measure is chance-corrected, namely the amount of agreement obtained
for the effect of chance alone is subtracted, and the result is normalized with respect
to the maximum value it can assume, it gives rise to the Weighted Kappa introduced
by Cohen (1968):

2 2 wigpij — 2ty 20— Wij it D+
-3, Z;'n:l WijPi+P+j

a7

Kw
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The ordinary (unweighted) Kappais when w;; = 0 for i # j. We state the following
result:

Proposition 3 The index T P Ay, is order-preserving with respect to > sy
P >per Q = TPA,(P)>=TPA,(Q) (13)

Proof We need to show:

m m m m m m
ZZ wjjpij = ZZ wijqij i.e. Zzwi,/ (Pij - qu,') >0 ie.

i=1 j=1 i=1 j=1 i=1 j=1

ZZf(U—j D (pij —4qij) =0 i.e.

i=1 j=I

fO) troP—1troQ)+f(1) (triP—tr1 Q)+ -+ f(m—=1) (try—1 P — tr—10Q) = 0.

Since
FO) = f(D)+a
)y = f@) +a
f(m—=2) - Jflm—=1) + an—
where ay, az, ..., am-1 > 0,
fO) =ar+ta+-+ap1+ fm—1)
f)y =a+a+--+ap1+ fm—1)
fm—=2) = am—1 + f(m —1).
Thus

fO)@roP — troQ) + f() trP —trQ)+---+ fm = 1) (tryy—1 P — tryp—10)

m—1 m—2
=fm—1) > (raP — tryQ) +an—1 Y, (tryP — tr;,Q)
h=0 h=0
m—3 1
+a,_» Z (trpP — trpy Q)+ -+ a> Z (trpP — tr, Q) +ay (troP — troQ)
h=0 h=0

Hence the result.
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Fig. 1 Deterministic ordering (111)=2(222)=A(333)
of the vectors in the case of
d = 3 raters / \
(322)=a(211) (332)=A(221)
(CRE)) (321 (331)

Corollary 1 For tables with the same margins, the Weighted Kappa preserves the
stochastic agreement ordering:

if pirx =qi+ and pyi=q4+iYi=1,...,mthen
P Zpgr Q = ku(P) = ku(0Q). 19)

5 The case of three raters (d = 3)

For simplicity consider the special case of d = 3 raters and discrete random vectors
defined on S = (1, 2, 3)3. The scheme presented in Fig. 1 shows the agreement deter-
ministic ordering of the vectors of ratings deriving from Definition 1 and Proposition
1. This scheme has the following interpretation: for example, the vector (2 1 1) is
smaller in terms of agreement than the vectors (1 1 1), (2 2 2), (3 3 3); it is equivalent
in terms of agreement to (32 2), (23 2),(223),(121), (11 2);itis greater in terms
of agreement than the vectors (31 1), (32 1), (33 1) and also the vectors obtained
from them permuting their components. It is a partial ordering because, for example,
the vectors (2 1 1) and (2 2 1) are not comparable.

Applying Definition 4 to 3 x 3 x 3 tables of joint probabilities referring to the
ratings of three observers, we can easily show the following.

Proposition 4 Given two tables P = [p;jr] and Q = [qijx] with i, j,k = 1,2, 3,
define the following sums of probabilities

p1 = pi11 + p22 + p333
p2 = p322 + p232 + p223 + pa11 + pi21 + pii2
p3 = p332 + p323 + p233 + p221 + p212 + p12
pa = p311 + p131 + p113
Ps5 = p321 + p312 + p231 + p213 + p132 + pio3
D6 = P331 + p313 + P133
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358 A. Giovagnoli et al.

then the agreement of P is higher—in the sense of > agr—than that of Q (we write
P >agr Q) if and only if the following inequalities hold.

P1=q1

pr+p2=q1+q2

pPr1+p3=q1+g3
Pr+p2+p3+pizqi+q2+g3+qs
pr+p2+p3+ps=q1+q2+q3+gs
Pr+p2+p3+ps=q1+q2+q3+qs

Proof The parameters p1, ..., pg are the probabilities under P of the six equivalence
classes shown in Fig. 1; p1 + p2 is the probability of being more in agreement than the
scores (3 2 2), p1 + p3 is the probability of being more in agreement than the scores
(3 3 2), etc., which proves the statement of this Proposition.

There are no additional conceptual problems when the number of raters and/or of
scores is greater than three, except that the calculations are more complex.

6 Testing hypotheses concerning the agreement ordering > 4,
6.1 Introductory remarks

In Sects. 2 and 3 we have defined a mathematical model to compare agreement among
multivariate probability distributions. Now we want to show how to use observed data
to test the hypothesis that the order relation holds, i.e. one group of observers shows
more agreement among themselves than another group. To this purpose we apply
results from the theory of statistical inference under order constraints (Barlow et al.
1972; Robertson et al. 1988; Silvapulle and Sen 2005), dealing with hypothesis testing
problems involving linear constraints on the parameters of a parametric model.

We consider three kinds of hypotheses: Hy assumes equality of agreement among
the ratings of two groups of observers; Hg assumes that the ratings are ordered under
the agreement ordering; H, assumes no restrictions among the ratings. Likelihood
Ratio Tests are used for these types of testing problems: under the null hypothesis
the test statistics have an asymptotic Chi-bar-squared distribution, which is a mixture
of Chi-squared distributions with different degrees of freedom (Bartholomew 1959;
Kudo 1963; Shapiro 1985; Shapiro 1988): see also Appendix B.

6.2 General case (d raters)

Let Nbeanm x m x --- x m (d times) frequency table referring to the observed
ratings of ¢ subjects by a group of d raters, on the basis of a 1 — ro — m scale of
measurement. Assume there are two such groups of observers rating #; and t> subjects
respectively and thus two tables N and N,. Then ny = vec(N1) and ny = vec(N2)
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A new approach to inter-rater agreement through stochastic orderings 359

are two m? x 1 vectors of observations of two multinomial . v. ¥ and ¥; respectively
Y1 ~ Mult(ty; mp) Yy ~ Mult(tp; m3)

where ¢ and 1, are the sample size respectively of the two samples, while &ty = vec(P)
and mp = vec(Q) and P and Q are the tables of rating joint probabilities. Moreover

let:
T = .
T2

We can express the ordering >4, of agreement for discrete variables defined in
(9) by means of linear constraints of the kind

Knr >0

where K is a matrix whose rows are contrasts.

Assume, to start with, that we want to test the hypothesis that the probability distri-
bution P associated to the first group of raters is equivalent in terms of agreement to
the distribution Q of the second group against the alternative that the first distribution
is greater in terms of agreement than the second one, i.e.

Hy: P =pgr Q vs Hg: P >pg O (20)

or equivalently
Hy:me®y vs Hg:meBOg, m ¢ O

where
Oyg={re®: Kn =0}, Os={re®: Kr >0},

O={n eRzmd >0 and Tigt T =1 Vi= 1,2}
and therefore ®y C @5 C © C R2"’ In this case the Likelihood Ratio Test statistic

is Tos

Te@ Te@yg

Tos = —2 |: sup L(mw) — sup L(n)i| 21

where L (7r) is the log-likelihood function. Under Hy Tps has the following asymptotic
distribution (Silvapulle and Sen 2005):

k
Tim Pr(Tos >t | 7 € ©p) = > w; (k K 1)~ 'k T, R’;) - Pr (X} > t)
Jj=0
(22)
where w;( -, -, - ) are positive weights which sum to 1, k is the number of rows

of K, Rﬁ ={x € RF: x > 0} is the non-negative k-dimensional orthant, I () is
the asymptotic Fisher Information matrix, and X]g is a Chi-squared variable with j
degrees of freedom.
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Expression (22) depends on the true value of the parameter vector. In order to com-
pute the p-value of the asymptotic distribution we choose to find the least favourable
value, i.e. that value of the parameter in ®( which gives rise to the smallest rejection
region (this procedure generates conservative tests). However, when this computation
is too difficult and the sample size is large, we can apply a bounds test computing a
lower and an upper limit for the asymptotic p-value, as described in Silvapulle and
Sen (2005): if the upper bound is inferior to the significance level o then we reject
the null hypothesis; if the lower bound is greater than « the null hypothesis is not
rejected; in the other cases we cannot decide. Other approaches suggest performing
a local test computing a point estimate of the asymptotic p-value by means of the
M.L.E. of the parameters under the null hypothesis. Dardanoni and Forcina (1998)
conducted a simulation study to assess the performance of the local test under Hy,
concluding that even when the sample size is not too large the parameter estimation
introduces no appreciable distortion, but, on the other hand, the rate of convergence
to the asymptotic distribution is not as good as expected. In Appendix B we discuss
the methods generally used to calculate the weights w; with suitable approximation.
After all this, the null distribution of the test statistics can be used to carry out the test.

The second testing problem considered here is the following: we want to test the
hypothesis that the probability distribution associated to table Nj is stochastically
greater in terms of agreement than the distribution related to table N,, against the
alternative hypothesis that this ordering does not hold. Therefore:

Hg: P >, O vs Hp: Norestrictions (23)

or equivalently
Hs:me®s vs Hy:me®, m¢0Og

We use the Likelihood Ratio Test statistic T's»

Tsy = —2 |: sup L(x) — sup L(n)i| (24)
TeByg

re@,

having the following null asymptotic distribution:

N
lim Pr(To >t |med) =) w, (s, S 1) 'sT, Rir) - Pr (X} > z)

=0

J (25)
where A = {r € ® : Km > 0 and St = 0, rank(S) = s > 2} and S is the
matrix obtained from K considering just the rows corresponding to the active con-
straints, i.e. those constraints satisfied as equalities (see Silvapulle and Sen 2005 for
a detailed discussion). In this case too we need to compute the least favourable value
of the parameters. When the computation of this supremum does not appear feasible,
a bounds test can be performed, as in the previous case (Silvapulle and Sen 2005).
Another approach proposed by Wolak (1991) consists in computing the weights of the
asymptotic distribution using the unrestricted estimate of the parameter vector. How-
ever, he shows that if the least favourable value of the parameter vector does not satisty
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A new approach to inter-rater agreement through stochastic orderings 361

all the inequalities as equalities then this procedure does not lead to an asymptotically
exact critical value. Dardanoni and Forcina (1998) compute the least favourable dis-
tribution under the hypothesis that no inequality constraint is strict, but this procedure
is very conservative. Another solution is to perform a local test using the M.L.E. of
the parameters under the agreement ordering constraints. However, Dardanoni and
Forcina (1998) note that the number of inequalities holding as equalities in the popu-
lation tends to be underestimated, and the p-values computed with the local test tends
to be larger.

To use the Likelihood Ratio Tests discussed in this paragraph we need to compute
the maximum likelihood estimates under the three hypotheses listed above. When
we make no restrictions on the parameter vector space (H») we take the unrestricted
M.L.E.

N 1 . 1 . 1
n:(A) where 71 = —n1 and 7 = —ny
T2 h 15)

whereas in order to obtain the M.L.E. respectively under equality and inequality con-
straints (i.e. respectively under Hy and Hy), one possible method was proposed by
Bartolucci and Forcina (2002), who used a constrained version of the Fisher-scoring
algorithm to maximize a quadratic approximation to the log-likelihood function with
respect to the canonical parameters.

For example, consider d = 3 raters rating on the scale 1-2-3 (as in Sect. 5). Then
the vectors 1 and mp have dimension 27 x 1

1 = [p111 p112 P113 P121 P122 P123 P131 P132 P133 P211 P212 P213 P221

D222 P223 P231 P232 P233 P311 P312 P313 P321 P322 P323 P331 P332 P333]
2 = [q111 9112 4113 9121 9122 9123 4131 4132 4133 G211 4212 4213 4221

4222 G223 9231 9232 4233 G311 312 G313 4321 4322 4323 4331 4332 4333]

Therefore, defining the matrix K by

100000000000010000000000001
110100000100011010000010001
100010000010110001000001011
111110100110111011100011011
11torr1010111111111010111011
11011000111011101100101 1111

>
(=)
I

then
K =[Ky: —Kp].

K is a 6 x 54 matrix, because the agreement ordering is defined by 6 constraints (see
Sect. 5).
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362 A. Giovagnoli et al.

The problem becomes easier with the following reparameterization

P1 P11l + p222 + p333

P2 P322 + p232 + p223 + p211 + pi21 + pii2
p= P3| _ | P332 + p323 + p233 + p221 + p212 + P12

P4 p311 + p131 + P13

pPs Pp321 + p312 + p231 + p213 + pi1z2 + p123

1243 P331 + p313 + P133

and defining ¢ in the same way of p we have that the parameter vector is

()

In this case the constraint matrix can be expressed as

1 00000 -1 0000 O0

1 1.0 000 —-1-1 020 00

- 1 01000 -1 0-1 0020
~]1r 1 1100 —-1-1-1-1 0 0
111010 —-1-1-1 0-1 0

1 11001 —-1-1-1 0 0-1

6.3 The case of d = 2 raters

The hypotheses testing problem for the case of just 2 raters (see Sect. 4) deserves spe-
cial attention. Given two m X m tables of joint probabilities P and Q, and operating
the following reparameterization

P troP a5 troQ
pr=| pp | =| P "= a5 |=| Q@
p;knf] trp P le;l,l trp—10

where, we recall,

m
m_m Zpii forh =0
i P ZZZ - meh
=1 j=lli—jl= szz+h+zpz+h, h=1,....m—1
i=1 i=1
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then the agreement ordering can be seen as the usual stochastic ordering between two
vectors of multinomial probabilities:

k k
P>aer Q & D pi=D qi k=0.1,....m—2 (26)
h=0 h=0

Therefore, using the following notation

*
q
we return to the testing problem described in the previous Section. The constraints
defined by the agreement ordering can be expressed as

Rr* >0 with R=[H,—H] 27

where H is a lower triangular matrix (m — 1) x (m — 1) in which every element placed
on the main diagonal and below it is equal to 1, and every element placed above it is
equal to 0.

The peculiarity of this case is that we do know which is the least favourable value
for the two testing problems we have described, and it is therefore possible to compute
precise p-values: if we want to test the agreement ordering against the unrestricted
alternative

Hg:Rn*>0 vs H: Norestrictions

we have the following result (Silvapulle and Sen 2005):

*eHg 100 im—1—1)!

m—1
— 1)!
sup lim Pr(Ts; >t |n*) = Z p—(m=1) _m-D! Pr (Xg > t)
i=1

(28)
whereas for testing the hypothesis of equivalence in terms of agreement against the
alternative that the agreement ordering holds

Hy:Re*=0 wvs Hg:Ran*>0

we get

. ® 1 2 2
sup lim Pr (TOS >t| ) =3 {Pr (Xm—2 > t) + Pr (Xm—l > t)} 29)

TreHy "0

We end this session with a general remark. In the applications sparse contingency
tables, i.e. tables with a lot of cells having zero counts, will be frequently encoun-
tered. Empty cells and sparse tables can cause problems with existence of M.L.E.
estimates and with the computational algorithms. One of the solutions generally
adopted is to add a small constant to cell counts before performing the estimation
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process. This is what has been done in the data analysis showed in the next para-
graph. One important point, however, is the following: the parameters we actually
need to estimate in order to perform the tests are suitable sums of the entries of P
and Q, thus the number of essential parameters is much smaller than 2m? — 1).
For instance in the above example of 3 observers and 3 categories only 10 indepen-
dent probabilities p1, p2, ..., p5sand q1, q2, . . ., g5 are needed instead of 52, namely
Pi11, P112, - - -, P332 and q111, q112, - - - » ¢332. When d = 2 like in our case-study,
just 2(m — 1) unknown parameters are needed, instead of 2(m2 — 1). For this reason,
scarcity in contingency tables is less likely to affect our problem.

7 An example

The methodology illustrated in this article has been applied to data collected by the
Hospital (Azienda Ospedaliera) of Perugia (Italy) on the evaluation of the quality of
a certain number of clinical guidelines, referring to four Units of the hospital. This
evaluation was carried out by two experienced doctors.

Clinical guidelines are a type of advice to doctors for their clinical practice. Every
guideline of this study is formed by 23 items, each of them referring to one specific
aspect of medical practice. Every item has been classified on a scale formed by 4
ordered categories, ranging from “Bottom quality” (the doctor was in complete dis-
agreement with the guideline) to “Top quality” (the doctor was entirely in agreement).
Therefore, each item of each guideline has been considered as a statistical unit to
classify. The scale used to rate the items is clearly qualitative and ordinal. To apply the
methodology described in this paper we have discretized the categories of the scale,
assigning them the values 1, 2, 3 and 4; the comparison is among the agreement of the
two doctors on their ratings of the guidelines relative to different hospital Units.

Table 1 shows the ratings of the two doctors on the items of the guidelines referring
to four Units, denoted as A, B, C, D, of Perugia Hospital. At the upper left hand of
each table the value of the Weighted Kappa index is shown, computed with Cicchetti’s
weights (16). Thus the ratings of the two doctors can be represented as 4 x 4 tables,
one for each of the 4 Units (see Table 1).

Let P and Q be the joint probability distributions of the ratings of the two doctors,
and tables N and M be the observed values. We want to test the following hypotheses:
(1) Hp versus Hs — Hy
(2) Ho versus Hg — Hy
(3) Hs versus H, — Hg
(4) Hz versus Hp — H3

where
Hy: P ;Agr Q
Hg : P > Agr 0
H§ 10 > Agr P

Hj : P and Q cannot be compared in terms of agreement and the respective p-val-
ues have been labelled: pos, py3, ps2 and p3,. A routine in Matlab created by Prof.
Antonio Forcina (Department of Statistics of Perugia University) has been adopted to
compute the constrained M.L.E. and the p-values of the tests.
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Table 1 Evaluation of the
quality of the guidelines

referring to Units A, B, C and D 1 2 3 4 Total
of Perugia Hospital

First doctor Second doctor

UNIT ‘A, kyy = 0,409

1 83 9 10 2 104
2 12 2 28 3 45
3 0 0 8

4 0 0 4
Total 95 11 50 5 161
UNIT ‘B’, ky = 0,426

1 76 7 23 0 106
2 4 18 0 22
3 0 41 8 57
4 7 8 1 22
Total 90 18 90 9 207
UNIT ‘C’, kyy = 0,535

1 71 4 8 0 83
2 4 20 0 27
3 3 11 0 18
4 0 1 7 2 10
Total 78 12 46 2 138
UNIT ‘D’, kyy = 0,563

1 44 12 4 0 60
2 2 12 6 0 20
3 1 0 5 0 6

4 0 0 1 5 6
Total 47 24 20 1 92

After calculating the p-values of the tests described in Table 2, we reject the hypoth-
esis of equal agreement of the doctors relative to the guidelines of tables A and B in
favour of the hypothesis that more agreement is shown in A than in B (pps = 0.0015);
in addition, testing whether table A shows higher agreement than B against whether
this is not true gives psa» = 0,7979 so the hypothesis is accepted, while the reverse
relationship (table B shows higher agreement than A) is rejected (p3, = 0,0053). Thus
we can state that agreement is greater in table A than in B.

Comparing A against C, the hypothesis of equivalent agreement is not rejected
for both alternatives (pos = 0,8089 and p,5 = 0,2011), although the latter with less
evidence, and both tests regarding the agreement ordering are non significant (ps» =
0,1397 and pg, = 0,8655). Thus we can state that A is equivalent to C in terms of
agreement. The same conclusions are drawn comparing A against D and C against D.

Comparing table B against table C, the hypothesis of equality in terms of agreement
is rejected in favor of the hypothesis that C shows more agreement than B (pys =
0.0018); moreover, this hypothesis is accepted against the unrestricted alternative
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Table 2 p-values referring to

the tests used: comparisons Comparisons Pos ps2 Pos r32

among units A, B, Cand D Aand B 00015 07979 01572 0,053
A and C 0,8089 0,1397 0,2011 0,8655
Aand D 1,0000 0,1048 0,2061 1,0000
Band C 0,7873 0,0032 0,0018 1,0000
B and D 0,8882 0,0005 0,0009 1,0000
Cand D 1,0000 0,3847 0,6287 0,8738

Table 3 Decisions about the -

comparisons Agr ZAgr SAgr No order
Aand B No Yes No No
Aand C Yes - - -
Aand D Yes - - -
Band C No No Yes No
Band D No No Yes No
Cand D Yes - - -

(p35, = 1.0000), while the reverse relationship (table B shows higher agreement than
C) is rejected (ps2 = 0,0032). Thus, we can conclude that C is greater than B in terms
of agreement. Comparing table B against table D gives a similar result.

We summarize the conclusions in Table 3.

Thus the data indicate that B <pg4r A =44 C =g D.

Comparing the values of weighted Kappa, table A shows less agreement than table
B, since the Kappa values are respectively 0,409 and 0,426. Therefore, in this case the
order relation expressed by the Kappa indices is not consistent with the results of the
agreement test of Sect. 6.

Considering tables A and C, the tests performed lead to their equivalence in terms
of agreement, while the Kappa index shows that C expresses more agreement than
A. The same conclusions can be drawn comparing A against D and comparing C
against D.

For the remaining two comparisons, i.e. B versus C and B versus D, the Kappa
indices are consistent with the analyses performed by the test statistics.

8 Conclusions

In this paper the important issue of measuring how much two or more observers agree
in their judgements is approached from a novel viewpoint, through the ordering of
the random vectors of scores. We hope to have shown that our approach provides a
useful insight into this problem and helps clarify the behaviour of well known agree-
ment indices. It also suggests a path for defining some new measures of agreement,
consistent with the ordering.
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Although the paper concentrates on ratings on a discrete scale and focuses on just
two observers, the methods employed are general. A similar approach has been used
by the authors when the ratings are expressed on a categorical scale (Giovagnoli et al.
2007).

Apart from theoretical developments a crucial aspect concerns the possibility of
testing the order relation on the presence of real data. In this paper we have shown
how this can be achieved applying the principles of constrained statistical inference.
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Appendix
A Orderings in a set

Given a set S, a pre-ordering is a binary relation < defined on the elements of S which
satisfies the following properties:

(1) Reflexive property:
x<x VxeS§
(2) Transitive property:
if x<yand y<z = x <z, Vx,y,z€S8
A partial ordering is a binary relation defined on the elements of S which satisfies
the above properties and also the anti-symmetric property:
(3) Anti-symmetric property:
ifx<yand y<x = x=y, Vx,yeS
An order relation is said to be fotal if the following property also holds:
@4 x<yory<x Vx,yeS

B Chi-bar-squared random variable

Let C be a closed convex cone in R¥, let V be a k x k symmetric and positive definite
matrix, and let yy,  be the projection of a vector y € R¥ onto the cone C in the metric
v=lie. Yvy,c is the solution to the problem

argmin (y — y*)T vl (y—»9).
y*eC

Applying the standard properties of projections onto convex cones and their duals, it
can be proven that

IyII> = lyy.cl? + llyy.coll?
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where || || is the norm defined by the metric V~!, C? is the dual cone of C in the
metric V1, and is defined as

C":{x: yTV_leO, VxeC}.

Under the assumption that
Y ~N(@O,V)

the random variable
XV.O =Y, V! Yyc

is called Chi-bar-squared, and has the following distribution

k

Pr (XZ(V, C) > z) =S wik, v, ©)-Pr (X? > t)
i=0

where the w; (¢, V, C) are non-negative values which sum to one and depend on
the matrix V and the cone C and X,~2 are Chi-squared variables with i degrees of free-
dom. This random variable has been intensively studied in the literature (Bartholomew
1959; Kudo 1963; Shapiro 1985; Shapiro 1988; Gourieroux et al. 1982; Dardanoni
and Forcina 1998; Colombi and Forcina 2000), and used in contexts of hypothesis
testing under linear inequality constraints.

Although the weights of Chi-bar-squared distributions can be computed exactly by
integrating a normal density on a proper convex cone, in practice this operation is
extremely laborious even when the space dimension is less than 4, but it is possible to
obtain accurate estimates @ of the weights using Monte Carlo simulation techniques,
projecting onto the positive orthant a certain number (say #) of pseudo-random vectors
generated from N (0, V). Let X have a Chi-bar-squared distribution with weights w
and let Pr(X > r) = o and Pr (X,~2 > r) = r;. Then by the central limit theorem
(Dardanoni and Forcina 1998):

w~N (w, % (diag(w) — wa)) .

Thus, starting from a preliminary estimate of w, we can choose ¢ in order to achieve
the required level of precision by imposing that Pr(|rT# — «|/a < A) be close to
1, where A is the error allowed. It follows that the estimated p-value referring to
a certain observed value x of the Chi-bar-squared variable with estimated weights
has a normal distribution with mean equal to the real p-value and variance equal to
1 — T v A — f), where the ' element of the vector f is

Pr (X/% §x).
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For the special case when V is the identity matrix and C is the non-negative orthant,
the weights can be computed as (Gourieroux et al. 1982)

e )= () ()

while if the cone is the non-negative orthant and the matrix V is general we can adopt
the solution proposed by Kudo (1963):

wi (k, v, R’;) -3 p{(VM’)_I} p (Varar)

dim(M)=i

where the summation is over all subsets M of {1, ..., k} with i elements, M’ is the
complement of M, V), is the variance-covariance matrix of variables ¥; (i € M),
Vi, m is the variance-covariance matrix under the condition ¥; = 0(j € M "), and
p {A} is the probability that Z > 0 for a normal variable Z ~ N (0, A). However,
when k > 4 the computation of these probabilities might be very difficult.
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